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Second-order nonlinear optical contributions originate from the angstrom-scale thin layer near the
surface of centrosymmetric materials. At such length-scales quantum mechanical effects come into
play and could be very crucial for an accurate description of a plasmonic system. In this article
we develop a theoretical model based on the quantum hydrodynamic description to study free-
electron nonlinear dynamics in plasmonic systems. Our model predicts strong resonances induced
by the spill-out of electron density at the metal surface. We show that these resonances can boost
second-harmonic generation efficiency up to 4 orders of magnitude and can be arbitrarily tuned by
controlling the electron spill-out at the metal surface with the aid of thin dielectric layers. These
results offer a possibility to artificially increase nonlinear susceptibilities by engineering optical
properties at the quantum level.
INTRODUCTION
Modern photonic devices rely on nonlinear optical ef-
fects to carry out functionalities such as parametric tun-
ing of the laser light spectrum, generation of ultra-
short pulses, all-optical signal processing and ultra-
fast switching1,2. Furthermore, researchers are con-
stantly extending the reach of nonlinear optical phenom-
ena to a growing variety of practical applications, such
as nonlinear microscopy3, ultrasensitive-optical shape
characterization4, monitoring the processes in chemical
synthesis of nanostructures5 and nonlinear plasmonic
sensing6.
The inherent weakness of optical nonlinearities how-
ever has strongly hindered the chip integration of all-
optical devices. Conventionally, to enhance the intrinsic
nonlinear response of natural materials one has to rely
on phase-matching or quasi-phase matching techniques,
which require relatively long propagation distances. Dis-
tances can be shortened to several microns by employing
photonic band-gap crystals, which is in general detrimen-
tal for the band width. A different route to increase
nonlinear optical response can be achieved through plas-
monic effects – collective oscillations of conduction elec-
trons – whose near-field enhancement properties can ef-
fectively increase the nonlinear susceptibilities. Plasmons
are not limited by diffraction and allow to focus the light
in regions where dielectric nonlinearities can be embed-
ded, or such that metallic nonlinearities themselves can
be enhanced. The advantage of such approach is that
one can effectively increase local nonlinear susceptibili-
ties in nanoscale devices. The drawback however is that
it is hard to combine building-up mechanisms that allow
to increase the overall conversion efficiencies. In order to
overcome this limitation then it is necessary to artificially
increase nonlinear susceptibilities by engineering optical
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properties at the quantum level. At THz frequencies, for
example, this can be obtained using semiconductor quan-
tum wells which are known to offer the largest nonlinear
susceptibilities7. Increasing the carrier density however
causes a transition from size-quantization to the classi-
cal regime of plasmon oscillations, in the visible range of
frequencies.
In this article we show that quantum electron spill-out
can be used to boost nonlinear efficiencies up to 4 or-
ders of magnitude. In particular we focus on the process
of second harmonic generation (SHG) in plasmonic sys-
tems. We develop a nonlinear quantum hydrodynamic
theory that incorporates microscopic nonlinear electro-
dynamics and enables nonlinear optics calculations for
realistic equilibrium density profiles.
Since the pioneering works on nonlinear
optics8–11, SHG has been continuously studied both
experimentally12–20, and theoretically21–31. In cen-
trosymmetric materials, such as noble metals, second-
order nonlinearities in the bulk region are intrinsically
forbidden3, nevertheless, the symmetry can be broken
at the material surface, giving rise to a surface SHG
mechanism32,33. Typically, the SHG surface process
occurs within a very thin layer of the order of few
angstroms (a few Thomas-Fermi screening lengths) at
the surface where the induced charges are confined. At
such near-atomic length scales, classical electrodynamics
fails to address the microscopic details and consideration
of nonlocal and quantum mechanical effects may become
crucial for accurately characterizing optical behavior of
a metallic system.
In this context, the simplest tool dealing with nonlo-
cal electron pressure is the Thomas-Fermi hydrodynamic
theory (TFHT)34–40. The TFHT is often combined with
the hard-wall boundary condition, which overlooks the
essential quantum mechanical effects like electron spill-
out and quantum tunneling34–37,41. While some efforts
have been done to include in the hydrodynamic descrip-
tion space-dependent electron density profiles, such as
linear and quadratic shape functions22–25, the TFHT re-
mains inadequate to deal with the realistic density pro-
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file, as it yields spurious modes originating from the ex-
ponentially decaying tail of the density41,42. The signif-
icance of an accurate description of the charge density
profile in SHG has already been pointed out in the low-
frequency regime both using a full quantum mechanical
treatment27–31 as well as an orbital-free approach26. Re-
cently, a variety of methods based on effective local pa-
rameters have been proposed to deal with electron spill-
out effects. These approaches are generally developed for
the linear response regime43–45 and their generalization
to the nonlinear dynamics is not trivial.
The TFHT on the other hand is intrinsically nonlin-
ear and it has long been used to describe the nonlin-
ear response of metals38–40. In order to overcome its
limitation, one should consider ∇n-dependent correc-
tions (n being the electron density) to the free-electron
gas kinetic energy, namely adding the von Weizsa¨cker
term to the TF kinetic energy42,46,47. Such approach
is usually referred to as quantum hydrodynamic theory
(QHT). Over the past few years, QHT has been applied
to study linear optical properties of individual nanopar-
ticles as well as of extremely coupled nanostructures (in
the tunneling regime) and a very good agreement with
the time-dependent density functional theory calcula-
tions has been reported42,47–49. The QHT can also in-
corporate classical nonlinear effects, such as Lorentz and
convective contributions, in multiscale plasmonic systems
with deep sub-wavelength features, where the quantum
effects cannot be neglected.
In the present work, we expand, for the first time,
the QHT equations beyond the linear approximation and
carry out its numerical implementation, which can be
used to probe second-order nonlinearities in plasmonic
structures of arbitrary shapes and sizes. In particular,
we examine spectral dependence of SHG from Na and
Ag thick films. First, by considering a smooth Na film,
we show that the SHG efficiency spectra exhibit a strong
resonance originating solely from the electron spill-out of
electron density from the metal surface. We then com-
pute SHG efficiency of a Ag film as a function of angle
of incidence and compare results with the experimental
data already reported in the literature18. In the spectral
analysis, we notice that conversely to case of Na film,
SHG from the Ag boundary does not show any resonance
structure due to comparatively low electron spill-out and
due to presence of background core permittivity. To step-
up the electron spill-out, we coat the Ag film with a sub-
wavelength thin dielectric layer and analyze its effect on
SHG efficiency as compared to the bare film. Moreover,
the impact of dielectric constant of the coating material
is also discussed.
RESULTS
In QHT the pressure term takes the more general form
of ∇ δG[n]δn where G[n] is the energy functional of the free-
electron gas:
G[n] = TTF[n] + λTW[n,∇n] + EXC[n], (1)
where TTF[n] is the TF kinetic energy functional,
TW[n,∇n] is the gradient-dependent correction term
(von Weizsa¨cker term) and EXC[n] is the exchange-
correlation energy functional in the local density approx-
imation. The parameter λ, weighting the von Weizsa¨cker
functional, is of extreme importance as it defines the
decay of the electron density and it is usually taken
as 1/9 ≤ λ ≤ 142. The nonlinear QHT expansion
up to second-order terms introduces three new groups
of nonlinearities in addition to the classical nonlinear
hydrodynamic terms50,51 (see the Methods section for
more details): i) a new convective term, proportional to
∇n0/n0, arising from the spatial dependence of the elec-
tron equilibrium density n0(r); ii) a quantum pressure
term given by the product of the linear induced den-
sity n1 and the gradient of the linear quantum pressure,
i.e., n1∇
(
δG[n]
δn
)
1
; iii) a second-order quantum pressure
term, ∇
(
δG[n]
δn
)NL
2
, that emerges from the nonlinear de-
pendence of the kinetic functional from the electron den-
sity n. The last two terms generalize the nonlinear quan-
tum pressure term in Refs. 50 and 51 and introduce a set
of contributions that are inversely proportional to some
powers of n0. Note that because n0 → 0 near the metal
surface, these contributions, as well as the convective con-
tributions, are expected to be important at the surface.
Further details about the nonlinear QHT are reported in
the Methods section and Supplementary Material S1.
We employ the nonlinear QHT to investigate the linear
and second-order nonlinear optical properties of Na and
Ag films, illuminated by a fundamental field with energy
E = h¯ω1 impinging at an angle θi with respect to the
normal unit vector nˆ at the metal surface, as depicted in
Fig. 1. We assume that the electric field is TM-polarized,
i.e., laying in the incidence plane, as a TE-polarized wave
would not induce any accumulation of charge at the metal
interface. To make the system more realistic, we place
the metal film on a glass substrate, although its impact
on SHG is negligible for sufficiently thick films.
A simple Drude-like metal
Let us first consider a simple Drude-like metal system, a
Na film placed in free space. Optical response of Na is
easier to understand as the effect of interband transitions
can be neglected at visible frequencies. We numerically
analyze the spectral dependence of a 400 nm thick Na
film excited by a TM-polarized plane wave. The self-
consistent equilibrium charge density, calculated using
Eq. (12) for different values the spill-out parameter λ
(see the Methods section), is shown in Fig. 2a. λ = 1/9
is associated to a smaller spill-out and a faster decay of
the electron density whereas λ = 1/4 represents a larger
2
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Figure 1. Schematic representation of the numerical setup for
SHG. A thick metallic film placed on a glass substrate and
illuminated by a TM-polarized plane wave making an angle
θi with the unit normal vector nˆ. FF and SHF symbolize the
fundamental field and the generated field at the SH, respec-
tively. A zoom-in at the metal-air interface depicts spatial
variation of the static and induced charges densities at the
fundamental and second harmonics.
spill-out and a slower decay, as can be seen in the in-
set of Fig. 2a. The equilibrium density in case of TF
approximation is also plotted. In this case electrons are
not permitted to spill from the metal surface into the
free space (hard-wall boundary condition). Since the im-
pact of interband transitions in Na can be neglected, we
set the core dielectric constant, ε∞ = 1. In Fig. 2b we
plot the linear reflection spectra. As expected, because
of the absence of any structuring on the Na film sur-
face, the TFHT does not present any particular feature.
On the other hand, the spatial dependence of the charge
density in the QHT produces a dip in the reflection spec-
tra that depends on the equilibrium density decay rate
at the metal-air interface. As the electron spill-out in-
creases (for larger values of λ) the resonance dip moves
to lower energies. This means that in principle by con-
trolling the amount of electron spill-out from the metal
surface, one could tune the resonance to the frequency
of interest. These resonances are due to excitation of
multipolar surface plasmons and are a consequence of
electron spill-out exclusively. In the TF approximation
(as well as in the standard local case not reported here)
in fact, no resonant behavior can be observed. The ex-
istence of this multipolar collective mode was predicted
several decades ago for sufficiently diffused electron den-
sity profiles52 and was also observed experimentally. The
reader may refer to Ref. 53 and the references therein
for a detailed overview of the theoretical and experimen-
tal studies of higher-order multipolar surface plasmons.
These spill-out induced resonances can be exploited to
enhance the SHG efficiency by several order of magni-
tude. The nonlinear QHT predicts in fact a very large
enhancement of the SHG efficiency when the generated
frequency matches the multipolar resonance in the lin-
ear spectrum. This kind of peak in the SHG intensity
was also predicted in the nonlinear analysis of potassium
surface within the TFHT25. Although, the authors in
this work used unrealistic equilibrium density, nonethe-
less, they pointed out that the position and strength of
this peak strongly depend on the shape of the charge
density profile. Our QHT calculations show, as depicted
in Fig. 2c, that SHG enhancement can exceed 4 orders
of magnitude than the conversion efficiency away from
resonance.
Fitting experimental data of SHG from Ag films
Simple Drude-like metals, such as Na, are convenient
from a theoretical point of view since they present an
ideal optical behavior. In practice however, they are
very hard to work with because of their high reactivity.
It would be interesting to analyze the possibility to ob-
serve a similar phenomenon in commonly used metals in
plasmonics, such as noble metals. Noble metals’ optical
response is complicated by the contribution of the inter-
band transitions, which can act on many levels. They
modify the linear susceptibility, contribute to the non-
linear response54 and affect both the equilibrium charge
density and the induced charge distribution at the metal
surface46,55,56. In the following, we neglect the nonlinear
contribution from interband transition and account for
all the other effects by considering a polarizable medium
of ε∞ > 1 permeating the whole metal volume.
In order to evaluate the relevance of the nonlinear QHT
model, we consider a smooth Ag film of 400 nm thick-
ness, we account for core electrons’ response with a lo-
cal permittivity ε∞ = 5.9 and compare the numerical
results with experimental data already available in the
literature18. The value of core permittivity ε∞ = 5.9
was taken from Ref. 57 which was obtained by fitting the
classical Drude model with the experimentally measured
data. The SHG efficiency as a function of angle of inci-
dence for different values of λ, computed within the full
self-consistent nonlinear QHT, is compared against the
experimental data as shown in Fig. 3a. It can be seen
that for smaller λ (lower electron spill-out) the efficiency
is largely underestimated. However, as the value of λ
increases (eventually spill-out increases), the SHG effi-
ciency steps up and for λ = 1/2.5 it coincides well with
the peak of the data, although the angular dependence
is not thoroughly reproduced. The experimental data
shows a smooth angular dependence while the spectra
predicted by the nonlinear QHT exhibit a minimum in
the SHG efficiency in the range of 40°−50°. Although dif-
ferent from the measured data, this trend, and in particu-
lar the presence of a minimum, are in agreement with the
time-dependent density functional theory calculations28.
In order to fit the experimental data, we introduce a phe-
nomenological parameter α weighting the nonlinear part
of the von Weizsa¨cker energy functional given in Eq. (1)
such that:
λTW[n,∇n] = λ
[
TLW + αT
NL
W
]
, (2)
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Figure 2. (a) Equilibrium electron density calculated self-consistently for different values of spill-out parameter λ. In TFHT
a constant density inside the metal with no spatial dependence is assumed. The inset shows the decay of the electron density
for each λ and the solid grey line indicates the position of the metal interface. (b) Linear reflectance and (c) SHG efficiency
as a function of exciting (fundamental) energy of the incident field at θi = 75° for different types of charge density profiles and
γ = 0.066 eV.
where the superscripts L and NL indicate linear and non-
linear contributions, respectively. By properly choos-
ing an optimal value of α the experimental data can
be nicely approximated qualitatively as well as quanti-
tatively for all angles of incidence. Figure 3b reports
a comparison of the SHG efficiency between the experi-
mental data and the nonlinear QHT when λ = 1/4 and
α = 0.24(= 1/4.15). The theory presented here can also
approximate the experimental data for other values of
λ provided that a suitable value of the parameter α is
chosen (see Supplementary Material S2).
SHG resonances in Ag film with a dielectric coating
We have seen in the previous section that the Na films
exhibit strong enhancement in the SHG spectra due to
the presence of resonances induced by the electron den-
sity decays at the metal surface. Contrarily to the Na
case however, we could not see any resonance structures
neither in the linear nor in the SHG spectra for Ag films.
The lack of such resonances is due to the combination of
two factors. On the one hand, a larger ion density in Ag
(smaller Wigner-Seitz radius) compared to Na, leads to
a greater work function that keeps the electron tighter
at the metal surface, producing a much smaller spill-out.
As we have seen by varying λ, a faster decay of the elec-
tron density pushes the resonance to higher energies. On
the other hand, the presence of a polarizable background
in Ag (due to interband transitions) shifts the effective
plasma frequency to lower energies. The result is that
the Ag film becomes transparent before any multipolar
resonance can be excited, completely suppressing the be-
havior observed for Na.
One possible way to circumvent this issue is to increase
the electron spill-out from the Ag surface by reducing
the work function at the metal interface. This can be
obtained by modifying the dielectric environment sur-
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Figure 3. SHG efficiency as a function of angle of incidence
from a 400 nm thick Ag film illuminated at E = 1.17 eV
and considering γ = 0.030 eV; (a) for different values of the
parameter λ and assuming α = 1. (b) when λ = 1/4 and
α = 0.24. The results are compared against the experimental
data taken from Ref. 18.
rounding the metal. In order to do so, we coat the film
with a sub-wavelength thin layer of a dielectric material
with a dielectric constant εr, as depicted in Fig. 4a. The
linear reflectance and SHG efficiency spectra for a 400
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Figure 4. (a) Simulation setup for SHG from a Ag film coated with a sub-wavelength thin layer of a dielectric material and
placed on a glass. (b) Linear reflectance and SHG efficiency from a 400 nm thick Ag film coated with 10 nm dielectric layer
with εr = 5.9 (solid lines) plotted at θi = 75°. The results for the Ag film without any coating are also shown for comparison
(broken curves). The vertical dotted line represents the bulk plasma frequency (c) Self-consistent equilibrium density and (d)
induced charge density at E = 1.28 eV for coated and uncoated films, plotted along the normal direction to the metal interface.
The vertical solid grey line marks the metal interface.
nm Ag film, coated with 10 nm thick layer of a dielectric
material with εr = ε∞ and placed on a glass substrate
with refractive index n = 1.45, are plotted in Fig. 4b.
Note that the figure also shows, for the sake of compari-
son, the spectra for the bare Ag film without any coating
(as in Fig. 1). We observe that in the case of dielectric
coating of Ag film, the linear response shows a dip in the
reflectance which will result into a very strong resonance
in the SHG efficiency, however, the Ag film without a
coating does not show any resonance structure. This re-
sult is in fact very interesting as the spill-out induced
resonances, which are suppressed in the commonly used
setups in plasmonics, could be excited through a dielec-
tric coating and, therefore, can be exploited for enhanc-
ing SHG. The equilibrium charge density of a Ag film
with and without dielectric coating is plotted in Fig. 4c,
which shows that due to presence of the dielectric coating
the electron spill-out is more pronounced as compared
to the uncoated slab. The dielectric material actually
provides a channel for the electrons to escape from the
metal surface and as a consequence of this higher spill-out
the resonances can be observed in the linear and nonlin-
ear spectra. Figure 4c presents the electron density at
λ = 1/4 both for the coated and uncoated films, even if
we consider λ = 1 for the uncoated case, the spill-out is
still lower as compared to the coated case for λ = 1/4 (see
Supplementary Material S3). The induced charge density
at the SHG, plotted at E = 1.28 eV, for the coated and
uncoated case is given in Fig. 4d. In both cases, the
centroid of the charge density lies outside of the positive
background edge. Although the spatial variation is quite
similar, the induced charge density for the coated film
is comparatively larger in width and magnitude, and is
shifted farther away from the metal surface.
It is interesting to note that a similar behavior can be
observed for different amount of the electron spill-out and
it is not the product of a specific choice of parameters.
In Figs. 5a and 5b we report linear and SHG spectra,
respectively, for the dielectric-coated Ag slab for differ-
ent values of λ and compare results against the TFHT
(with no spill-out). For each λ we observe a large res-
onance in SHG spectrum which is related to the dip in
the corresponding linear reflectance. Neglecting the elec-
tron spill-out from the metal surface, as in the TFHT,
prevents such features to appear neither in SHG nor in
linear spectra. The SHG spectra of Fig. 5b display a
noticeable minimum just before the peak resonance for
each λ, which was not seen in the situation shown in
Fig. 4b. To examine this feature, we consider λ = 1/4
and compute the SHG efficiency as a function of the an-
gle of incidence and the fundamental energy for differ-
ent values of α. We find that when α = 1, there exists
a minimum at almost all angles of incidence (Fig. 5c)
whereas for α = 0.24, there is no such minimum before
the resonance, nevertheless, in this scenario a minimum
also appears but after the resonance (Fig. 5d). In the
latter case, the minimum is not present for all angles of
incidence and since the spectrum shown in Fig. 4b was
plotted at θi = 75°, therefore, no such minimum was de-
tected there. This minimum in the SHG efficiency can be
associated to the interplay between the different nonlin-
ear contributions that involve the first order and second
order terms of the von Weizsa¨cker energy functional re-
spectively. While varying λ has a simultaneous effect on
both terms, varying α modifies their respective weights,
modifying the condition for which the two contributions
cancel out.
So far we have fixed the refractive index of the coat-
ing material such that it corresponds to ε∞ in order to
reproduce a similar condition to Na where ε∞ = 1. It
would be interesting at this point studying the influence
of the dielectric constant of the coating material on the
SHG efficiency. In Fig. 6 we report numerical results
for linear response and SHG of the Ag film considering
λ = 1/4, α = 0.24 and various values of the dielectric
constants εr of the coating material. The spectra for
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Figure 5. (a) Linear reflectance and (b) SHG efficiency from a dielectric-coated Ag film as a function of exciting energy (in
eV) of the incident field for different values of the spill-out parameter λ and considering α = 1. The results are compared
against the TFHT spectra represented by the broken black lines. The vertical grey lines indicate the bulk plasma frequency
at the fundamental and generated harmonic. The other parameters are the same as used in Fig. 4. SHG efficiency of the
dielectric-coated Ag slab, for λ = 1/4 considering (c) α = 1 and (d) α = 0.24, plotted as a function of exciting energy and
angle of incidence.
sliver-air interface (εr = 1, i.e., without any coating) are
also shown for completeness. Contrarily to the Ag-air in-
terface, when εr 6= 1 a dip in the linear reflectance can be
seen for each εr, although it becomes less intense for the
smaller values of εr and completely disappears for εr = 1.
This structure in the linear spectrum yields a large effi-
ciency of the generated signal as depicted in Fig. 6b. It
is interesting to note that as the value of dielectric con-
stant of the coating layer increases, the resonance shifts
towards the lower energies. This result, in fact, could be
very important in many optical applications as the res-
onance of the SHG process can be tuned by coating the
Ag film with a suitable dielectric material. A minimum
in the SHG spectra for a lower value of the dielectric con-
stants (with an exception of εr = 1) is also visible in the
SHG spectra which appears after the resonance in the
vicinity of bulk plasma frequency and corresponds to the
similar situation as was discussed in Fig. 5. However, this
minimum vanishes for the higher values of the dielectric
constant.
DISCUSSION
We have presented a theoretical microscopic model to
probe second-order nonlinearities at metal surfaces. Our
approach was based on the QHT, which can efficiently
handle the realistic profiles of the ground-state electron
density. The nonlinear QHT predicts a very strong reso-
nance in the SHG spectra that can boost the conversion
efficiency by several orders of magnitude. This resonance
shows a strong dependence on the spill-out of the elec-
tron density from the metal surface and is related to the
excitation of multipolar surface plasmons in the linear re-
sponse. Interestingly, these spill-out induced resonances
can be tuned by controlling decay of the electron density
from the metal surface with the aid of a dielectric coat-
ing. Moreover, excellent agreement with experimental
data supports the concreteness of our results and their
potential.
Our results suggest that an accurate description of
the spatial variation of charge density at a metal sur-
face is crucial in characterizing an accurate nonlinear
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Figure 6. (a) Linear reflectance and (b) SHG efficiency as
a function of exciting energy plotted at θi = 75° for various
values dielectric constant εr considered for the coating of Ag
film. The result for the clean Ag film without any coating
(εr = 1) is also reported.
optical response. Although we have limited our study
to films, the spill-out induced enhancement of SHG effi-
ciency could be combined with plasmon-based field en-
hancement techniques to further increase nonlinear con-
version rates. Moreover, because the nonlinear process
is confined to the metal surface, such processes could be
embedded in a hybrid metal-dielectric waveguide config-
uration that allows the build up of the nonlinear signals.
We believe that the analysis presented in this article will
be a source of motivation for further analytical and ex-
perimental research.
METHODS
Materials with very high density of free charges can be
treated as charged fluids (in a positively charged back-
ground) and their optical properties can be characterized
under the hydrodynamic description. The full nonlinear
hydrodynamic equation of motion for an electronic sys-
tem under the influence of electromagnetic fields E and
B can be expressed as42:
me
(
∂
∂t
+ v · ∇+ γ
)
v = −e (E+ v ×B)−∇δG[n]
δn
(3)
where me is the electron mass, v is electron velocity field,
γ is the damping rate and e is the absolute value of the
electron charge; n(r) represents the electron density and
G[n] = TTF[n]+λTW[n,∇n]+EXC[n] is the energy func-
tional incorporating the TF kinetic energy, the gradient-
dependent correction term and the exchange-correlation
energy functional respectively. In specifying the energy
functionals in Eq. (1) we do not include the effect of non-
local broadening (see Ref. 47 for more details) to avoid
the further numerical complexity. Considering the elec-
tron current J = −nev, Eq. (3) can expressed as:
∂J
∂t
+ γJ =
e2n
me
E− e
me
J×B+ en
me
∇δG[n]
δn
+
+
1
e
(
J
n
∇ · J− J · ∇J
n
)
.
(4)
A similar equation can also be directly derived from the
single-particle Kohn-Sham equation47.
We proceed by writing the fields as the sum of few
harmonics:
n(r, t) = n0(r) + n1(r)e
−iω1t + n2(r)e−iω2t + c.c. (5)
E(r, t) = E0(r) +E1(r)e
−iω1t +E2(r)e−iω2t + c.c.(6)
J(r, t) = J1(r)e
−iω1t + J2(r)e−iω2t + c.c. (7)
B(r, t) = B1(r)e
−iω1t +B2(r)e−iω2t + c.c. (8)
where ω2 = 2ω1 and E0 and n0 represent the steady-state
electric field and ground-state electron density. The sub-
scripts 1 and 2 indicate the field quantities at the funda-
mental and the second harmonic, respectively. Assuming
the undepleted pump approximation, that is, the funda-
mental field is not affected by the conversion process,
and recalling that J = P˙, in view of Eqs. (5)-(8), Eq.
(4) results into following set of equations:
− en0
me
∇
(
δG[n]
δn
)
1
− (ω21 + iγω1)P1 = ε0ω2pE1 (9)
− en0
me
∇
(
δG[n]
δn
)
2
− (ω22 + iγω2)P2 = ε0ω2pE2 + SNL
(10)
where ωp(r) =
√
e2n0(r)/(meε0) is the space-dependent
plasma frequency and the nonlinear source term is:
SNL =
e2n1
me
E1 + iω1
µ0e
me
P1 ×H1+
− ω
2
1
en0
(
P1∇ ·P1 +P1 · ∇P1 −P1 ·P1∇n0
n0
)
+
+
en1
me
∇
(
δG[n]
δn
)
1
+
en0
me
∇
(
δG[n]
δn
)NL
2
(11)
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Mathematical expressions for the linear potentials(
δG[n]
δn
)
1,2
are reported in detail in Ref. 42 whereas ex-
pressions for the nonlinear potentials are derived in the
Supplementary Material S1. In addition to the classi-
cal nonlinear hydrodynamic terms50,51, i.e., Coulomb,
Lorentz and convective terms (note that there is one ex-
tra convective term, ∝ ∇n0/n0, arising from the spatial
dependence of the electron density), two new quantum
terms emerge as discussed in the Results section.
In implementing our nonlinear QHT we follow the jel-
lium approximation58, which assumes that the electrons
in a metal are confined by a constant positive background
charge n+ = ( 43pir
3
s)
−1, where rs indicates the Wigner-
Seitz radius (rs = 4 for Na and rs = 3 for Ag). The
space-dependent equilibrium charge density can be cal-
culated by combining the zero-th order QHT equation
with the Gauss’s law, which leads to the following non-
linear static equation47:
∇ε∞(r) · ∇
(
δG
δn
)
n=n0
+
e2
ε0
(
n0 − n+
)
= 0 (12)
where ε0 symbolizes permittivity of free-space. ε∞ is the
core dielectric constant presenting a local contribution to
the metal permittivity. We solve Eqs. (9), (10) and (12)
coupled to two frequency-dependent wave equations in
a finite-element-method based numerical simulator com-
sol Multiphysics59, which offers quite flexible implemen-
tation of these expressions. Numerical implementation of
these equations is given in the Supplementary Material
S4.
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S1. NONLINEAR TERMS OF G[n]
Recalling the energy functional G[n], representing the total internal energy of an electronic system (see Eq. (1) in the
main text),
G[n] = TTF[n] + λTW[n,∇n] + EXC[n], (S1)
Here we report derivation of the nonlinear terms of the energy functionals appearing in the above equation. The
functional derivative of the terms in Eq. (S1) can be expressed as1,
δTTF
δn
=
(
Eha
2
0
) 5
3
cTFn
2/3, (S2)
δTW
δn
=
(
Eha
2
0
) 1
8
(∇n · ∇n
n2
− 2∇
2n
n
)
, (S3)
δExc
δn
= εxc + n
dεxc
dn
, (S4)
where,
εxc = −cxn1/3 + εc (S5)
εc =
{
a ln rs + b+ crs ln rs + drs, rs < 1
γ
1+β1r
1/2
s +β2rs
, rs ≥ 1 (S6)
and Eh =
h¯2
mea20
is the Hartree energy, a0 represents the Bohr radius, cTF =
3
10
(
3pi2
)1/3
and cx =
3
4
(
3
pi
)1/3
. The
coefficients appearing in Eq. (S6) are given in Ref. 1. Electron density as the sum of few harmonics can be expressed
as:
n = n0 +
∑
j
nje
−iωjt + c.c., where, j = 1, 2 (S7)
For mathematical convenience, dropping the summation operator and writing the above equation simply as:
n = n0 + nje
−iωjt (S8)
Second-order contribution of δTTFδn can be obtaind by substituting Eq. (S8) into Eq. (S2) and applying the Binomial
expansion, we get,
δTTF
δn
=
(
Eha
2
0
) 5
3
CTF
[
n
2/3
0 +
2
3
n
−1/3
0
(
nje
−iωjt)− 1
9
n
−4/3
0
(
nje
−iωjt)2 + c.c.+ . . . ] , (S9)
Focusing only on the second-order terms and neglecting the higher harmonics (ω > ω2), we are left with:(
δTTF
δn
)NL
2
= − 5
27
CTFn
−3/4
0 n
2
1 (S10)
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Now, the nonlinear terms due to TW can be derived by inserting (S8) into (S3), as:
δTW
δn
=
(
Eha
2
0
) 1
8
[
∇ (n0 + nje−iωjt) · ∇ (n0 + nje−iωjt)
(n0 + nje−iωjt)
2 − 2
∇2 (n0 + nje−iωjt)
n0 + nje−iωjt
]
(S11)
Expanding
(
n0 + nje
−iωjt)−2 in the above equation and doing some algebra results in the following nonlinear contri-
bution: (
δTW
δn
)NL
2
=
∇n1 · ∇n1
n20
− 4∇n0 · ∇n1
n30
n1 + 2
∇2n1
n20
n1 + 3
|∇n0|2
n40
n21 − 2
∇2n0
n30
n21, (S12)
Similarly, the nonlinear terms for exchange-correlation potential can be obtained by using (S8) into (S4), resulting in
the following expression: (
δExc
δn
)NL
2
=
1
2
(
3
d2x
dn2
+ n
d3x
dn3
+ 3
d2c
dn2
+ n
d3c
dn3
)
n=n0
n21 (S13)
where,
d2x
dn2
=
2
9
Cxn
−5/3,
d3x
dn3
=
10
27
Cxn
−8/3,
d2c
dn2
=

1
3
[
rs
3 (5c+ 4d+ 4clnrs) + a
]
n−2, rs < 1
γ
9
[
7β1
4 r
1/2
s +4β2rs(
1+β1r
1/2
s +β2rs
)2 + ( β12 r1/2s +β2rs)2(
1+β1r
1/2
s +β2rs
)4
]
n−2, rs ≥ 1
d3c
dn3
=

− 19
[(
13c+ 283 d+
28
3 clnrs
)
rs + 6a
]
n−3, rs < 1
γ
9
[
7β1
2 r
1/2
s +8β2rs(
1+β1r
1/2
s +β2rs
)2 + 724β1r1/2s + 43β2rs− 724β1rs− 78β1β2r2/3s − 43β22r2s(
1+β1r
1/2
s +β2rs
)4 +
+
2( β12 r
1/2
s +β2rs)
2(
1+β1r
1/2
s +β2rs
)4 − ( β12 r1/2s +β2rs)(− 16β1rs− 23β2rs+ 16β21rs+ 12β1β2r3/2s + 23β22r2s)(
1+β1r
1/2
s +β2rs
)5
]
n−3, rs ≥ 1
S2. APPROXIMATING EXPERIMENTAL DATA FOR DIFFERENT λ
The nonlinear quantum hydrodynamic theory can also approximate the experimental data2 for Ag film for a given
λ, representing the electron spill-out from metal surface provided that the value of the parameter α, weighting the non-
linear part of the von-Weizscaker energy functional (see Eq. (2) in the main text), is properly chosen. Figure S1 plots
the SHG efficiency for a clean Ag film computed withing the nonlinear QHT and compared against the experimental
results.
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Figure S1: Nonlinear QHT approximating the experimental data2 for a 400 nm thick clean Ag film excited by a TM-polarized
plane wave at E = 1.17 eV, considering different values of λ and the parameter α weighting the nonlinear von-Weizscaker
energy functional.
3
S3. EQUILIBRIUM CHARGE DENSITY FOR COATED AND UNCOATED AG FILMS
Here we compare the ground-state electron density of the uncoated Ag film considering different values of spill-out
parameter λ against the dielectric-coated Ag film for λ = 1/4. It can be seen that for uncoated film even for λ = 1
the spill-out is relatively lower as compared to the coated film for λ = 1/4, as shown in Fig. S2.
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Figure S2: Equilibrium electron density for a neat Ag film by considering different values of λ and compared with the density
of the coated film for λ = 1/4, considering dielectric constant of the coating material εr = ε∞. The lower panel shows the
decay of the density.
S4. WEAK FORMULATION
In FEM based approaches the differential equations are usually expressed in their weak form to relax the con-
tinuity requirements for the test functions. We numerically implement Eqs. (9)–(11) of the main text and two
frequency-dependent wave equations in FEM-based solver comsol Multiphysics3. In the following we derive the
weak formulation of these equations. Re-writing Eqs. (9) and (10) in a compact form,
− en0
me
∇
(
δG[n]
δn
)
j
− (ω2j + iγωj)Pj = ε0ω2pEj + Sj , where, j = 1, 2 (S14)
where S1 = 0 and S2 = SNL, given by Eq. (11):
SNL =
e2n1
me
E1 + iω1
µ0e
me
P1 ×H1 − ω
2
1
en0
(
P1∇ ·P1 +P1 · ∇P1 −P1 ·P1∇n0
n0
)
+
+
en1
me
∇
(
δG[n]
δn
)
1
+
en0
me
∇
(
δG[n]
δn
)NL
2
(S15)
The weak formulation of Eq. (S14) can be obtained by multiplying it with a test function P˜j and integrating over
the simulation domain.∫ [
e
me
∇
(
δG[n]
δn
)
j
+
1
n0
{(
ω2j + iγωj
)
Pj + ε0ω
2
pEj
}
+
1
n0
Sj
]
· P˜j dV = 0 (S16)
∫
− e
me
(
δG[n]
δn
)
j
(
∇ · P˜j
)
+
1
n0
[(
ω2j + iγωj
)
Pj + ε0ω
2
pEj
] · P˜j + 1
n0
Sj · P˜j dV = 0 (S17)
4
Since S1 = 0, the integral of the nonlinear source (last) term in Eq. (S17) can be expressed as:∫
1
n0
SNL · P˜2 dV =
∫
1
n0
[
e2n1
me
E1 + iω1
µ0e
me
P1 ×H1+
− ω
2
1
en0
(
P1∇ ·P1 +P1 · ∇P1 −P1 ·P1∇n0
n0
)]
· P˜2+
+
en1
men0
∇
(
δG[n]
δn
)
1
· P˜2 + e
me
∇
(
δG[n]
δn
)NL
2
· P˜2 dV
(S18)
The last two terms appearing in the above equation emerge from the spatial dependence of the charge density. Thus,
its weak form can be finally written as:∫
1
n0
SNL · P˜2 dV =
∫
1
n0
[
e2n1
me
E1 + iω1
µ0e
me
P1 ×H1+
− ω
2
1
en0
(
P1∇ ·P1 +P1 · ∇P1 −P1 ·P1∇n0
n0
)]
· P˜2+
− e
me
(
δG[n]
δn
)
1
[
n1
n0
(
∇ · P˜2
)
+
1
n20
(n0∇n1 − n1∇n0) · P˜2
]
+
− e
me
(
δG[n]
δn
)NL
2
(
∇ · P˜2
)
dV
(S19)
The advantage of the weak formulation is that there is no need to compute the gradients of the energy functionals and
the derivatives are distributed to the test functions. The energy functionals also contain second-order derivative and
we introduced working variables, such that, Fj = ∇nj where nj = 1e∇ ·Pj which implies that ∇ · Fj = ∇2nj . Thus,
the complete set of nonlinear QHT equations, along the with the two wave equations and a static QHT equation for
computing equilibrium density, in their weak formulation reads,∫
(∇×Ej) ·
(
∇× E˜j
)
−
(
ε∞
ω2j
c2
Ej + µ0ω
2
jPj
)
· E˜j dV = 0 (S20)∫
− e
me
(
δG[n]
δn
)
j
(
∇ · P˜j
)
+
1
n0
[(
ω2j + iγωj
)
Pj + ε0ω
2
pEj
] · P˜j + 1
n0
Sj · P˜j dV = 0 (S21)∫
− (∇ ·Pj)
(
∇ · F˜j
)
− eFj · F˜j dV = 0 (S22)∫
−ε∞(r)∇
(
δG[ξ2]
δn
)
ξ=
√
n0
· ∇ξ˜ + e
2
ε0
(
ξ2 − n+) ξ˜ dV = 0 (S23)
where j = 1, 2 and S1 = 0. In Eq. (S23), the transformed variable ξ =
√
n0 was introduced as in this way the solution
converges more quickly.
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